Abstract-In this paper, we study a class of modified incomplete Cholesky factorization preconditioners LL T with two control parameters including dropping rules. Before computing preconditioners, the modified incomplete Cholesky factorization algorithm allows to decide the sparsity of incomplete factorization preconditioners by two fillin control parameters: (1) p, the number of the largest number p of nonzero entries in each row; (2) dropping tolerance. With RCM reordering scheme as a crucial operation for incomplete factorization preconditioners, our numerical results show that both the number of PCOCG and PCG iterations and the total computing time are reduced evidently for appropriate fill-in control parameters. Numerical tests on harmonic analysis for 2D and 3D scattering problems show the efficiency of our method.
INTRODUCTION
The coefficient matrix of the linear equations which stem from the finite-element analysis of high-frequency electromagnetic field simulations such as scattering [1] [2] [3] [4] [5] [6] [7] [8] [9] is generally symmetric and indefinite. At present, the incomplete Cholesky factorization [10] [11] [12] [13] (IC) preconditioners applied with preconditioned Conjugate Gradient (PCG) method and preconditioned Conjugate Orthogonal Conjugate Gradient (PCOCG) method are rather popular [14] [15] [16] .
Here incomplete Cholesky factorization is studied in the case of finite element (FEM) matrices arising from the discretization of the following electromagnetic scattering problem:
with some absorbing boundary conditions, where E sc is the scattering field, E inc is the incident field and µ r and ε r are relative permeability and permittivity, respectively. The solution of Eq.
(1) will result in a linear system
where A = (a ij ) n×n ∈ C n×n is sparse complex symmetric (usually indefinite), x, b ∈ C n . In order to solve (2) effectively, incomplete LU factorization preconditioners are often associated with some preconditioned Krylov subspace methods such as BICGSTAB, QMR, TFQMR, CG, COCG [17] [18] [19] . To make full use of symmetry of the systems, incomplete Cholesky factorization is normally utilized with some preconditioned Krylov subspace methods such as PCG and PCOCG.
Incomplete Cholesky factorization was designed for solving symmetric positive definite systems.
The performance of the incomplete Cholesky factorization often relies on drop tolerances [13, 17] to reduce fill-ins. The properties of the incomplete Cholesky factorization depend, in part, on the sparsity pattern S of the incomplete Cholesky factor L = (l ij ) n×n , where L is a lower triangular matrix such that [10] 
The aim of the presented numerical tests is to analyze the performance of the studied incomplete Cholesky factorization algorithms. Our consideration is to focus on the performance of the proposed modified incomplete Cholesky factorization preconditioners with tuning of sparsity with PCG and PCOCG as accelerators. And we intend to find their impacts on these scattering problems discretized by FEM.
Many research papers about incomplete Cholesky factorization can be found, such as Lin and More [10] , Fang and Leary [11] , Margenov and Popov [12] , the fixed fill factorization of Meijerink and Vorst [20] , the ILUT factorization of Saad [13, 17] . For additional information on incomplete Cholesky factorizations, please refer to Saad [17] . Reordering methods are very important for incomplete factorization; see more in [21] [22] [23] [24] [25] [26] . In [10] , a new incomplete Cholesky factorization algorithm is proposed which is designed to limit the memory requirement by specifying the amount of additional memory. In contrast with drop tolerance strategies, the new approach in [10] is more stable in terms of number of iterations and memory requirements. In this paper, we intend to apply this approach as preconditioners for solving scattering problems and get more effective incomplete Cholesky factorization algorithm based on the work of Lin and More in [10] . Additionally, the reordering in the matrix plays an important role in the application of preconditioning technologies because the ordering of the matrix affects the fill in the matrix and thus the incomplete Cholesky factorization [21] . In this paper, both the AMD and RCM orderings [17, 21] are applied to reorder our linear system. The rest of the paper is organized as follows: In section 2 we survey some relative preconditioning algorithms and Krylov subspace methods. The modified incomplete factorization algorithm is presented in section 3 with detailed description of its implementation. In Section 4, a set of numerical experiments are presented and short concluding remarks are given in Section 5.
PRECONDITIONERS AND ITERATIVE METHODS
Our implementation of the incomplete Cholesky factorization is based on the jki version of the Cholesky factorization shown below in Algorithm 1 [10] . Note that diagonal elements are updated as the factorization proceeds. Obviously, Algorithm 1 is based on the columnoriented Cholesky factorization for sparse matrices.
Algorithm 1:
Column-oriented Cholesky Factorization [10, Algorithm 2.1]
11. endfor 12. endfor For a symmetric coefficient matrix A, we only need to store the lower or the upper triangular parts of A. In Algorithm 1, only the lower triangular part of A including the diagonal entries is needed. And the access to A is column by column. Therefore, in order to compute the IC-type preconditioner by Algorithm 1, we only need to store the lower triangular part L as the incomplete Cholesky factor. In order to show the detailed computation process of L, we transform Algorithm 1 into a comprehensible version with explicit computation of L: for i = j + 1 : n 14.
An integer array I = (i k ) k=1,···,p contains indices of the first largest p entries of
In the case that the lower triangular matrix L keeps the same nonzero pattern as that of the lower triangular part of A, Algorithm 1 leads to IC(0) algorithm (i.e., incomplete Cholesky factorization preconditioners with the same nonzero pattern as that of coefficient matrix A).
In order to implement Algorithm 4, we store the upper triangular part of the coefficient matrix A in compressed sparse row (CSR) format. However, for convenience, Algorithm 4 needs to access lower triangular part of A in compressed sparse column (CSC) format. Observed from the data structures of CSR and CSC, the upper triangular part of the coefficient matrix A stored in CSR is exactly the lower triangular part of A stored in CSC. So, we don't need to perform the transform operation from the input matrix (the upper triangular part of the coefficient matrix A) into the CSC format of the lower triangular part of the coefficient matrix A. For simplicity, variable "L" here denotes the CSC format of L.
From Line 6 in Algorithm 4, in order to compute the linear combination vector w, we need to access the j-th row and k-th column of L. The access of k−th column of L is convenient because L is just stored in CSC. The difficulty in Line 6 is how to access the j-th row of L which is stored in CSC format. In order to get high efficiency of accessing rows of L, we introduce a temporary CSR variable "U" to store the CSR format of L.
In iterative methods, we need to solve the preconditioning system
Normally, L and L T are stored in CSR format, respectively. In fact, the transformation from the CSC format of L to the CSR foramt of L is unnecessary because variable "U" in CSR format is just the CSR format of L and variable "L" in CSC format is just the CSR format of L T .
NUMERICAL TESTS
All numerical tests are performed on Linux operating system. All codes are programmed in C language and implemented on a PC, with 2 GB memory and a 2.66 GHz Intel(R) Core(TM)2 Duo CPU. In order to operate the complex type elements in computation, we declare "double complex" type variables which are supported directly by gcc compiler. The maximal iteration number is 1000. The iteration stops when r (k) / r (0) < 10 −8 . Since ordering is crucial to a good factorized preconditioner, the reverse Cuthill-McKee (RCM) reordering and Approximate Minimum Degree (AMD) reordering are applied before computing L. Denote the number of nonzero elements of a matrix as nnz (matrix name), the iteration number as its, the incomplete factorization CPU time as P-t and iteration CPU time as I-t, total computation time (preconditioning time plus iteration time) as T-t. All consuming time is measured in seconds. Denote sparse ratio of a preconditioner i.e., For Problems 1 and 2, without RCM reordering, PCOCG and PCG methods do not converge within 5000 iterations. In order to evaluate the performance of the proposed algorithm, the IC(0) preconditioner (i.e. L + L T has the same nonzero pattern with that of A) and the diagonal preconditioner are exploited (see Table 1 By comparing Table 1 with Table 2 , it is obvious that our MIC (p, τ ) preconditioner is much more efficient than IC(0) and diagonal preconditioners. Observed from Tables 2 and 3, the number of iterations and total computation time of the two kinds of iterative methods of PCOCG and PCG are almost the same in all cases with the same parameters in MIC(p, τ ).
From Tables 2-4 and Fig. 1 , it is noticed that the effect of dropping tolerance τ in such a wide range for Problem 1 is not prominent. Observed from Fig. 1 , there is a jump of computation time with parameters p = 30 and τ = 10 −3 . From a general view, it is a specific case. However, from Tables 5-7 and Fig. 2 of the test of Problem 2, it is possible for us to draw the conclusion that the effect of dropping tolerance τ is obvious in the solution of larger scale problems. And the reasonable range for τ should arrange from 10 −4 to 10 −6 . In addition, the parameter τ has minor effect on memory requirement of our MIC preconditioner.
What affects remarkably is the parameter p which also decides both fill-ins and efficiency of MIC preconditioner. The larger p is, the less the iteration number becomes while the more the fill-ins are required. However, the total computation time is not necessarily decreasing with the growth of p, which implies that it is crucial to select an appropriate parameter p. Generally, parameter p can be evaluated by setting the number of nonzero entries of incomplete Cholesky preconditioners, i.e., p =
nnz(L) n
where L is the incomplete Cholesky preconditioner and n is the dimension of coefficient matrix A. However, the number of nonzero entries of incomplete Cholesky preconditioners L is determined by the coefficient matrix A of linear system. For small-scale linear system such as Problem 1, proper set of the number of nonzero entries of L is about 2 times (or more) of that Table 10 for Problem 1, Algorithm 4 is dramatically superior to Algorithm 3 in both aspects of total computation time and memory requirement. 
CONCLUSIONS
A column-oriented modified incomplete Cholesky factorization MIC (p, τ ) with two controlling parameters for solution of systems of linear equations with sparse complex symmetric coefficient matrices resulted from finite-element analysis of the electromagnetic scattering problem (1) is presented in this paper. Proper choices of the controlling parameters in Algorithm 6 can evidently reduce the total computation time and memory requirements compared with Algorithm 3. It is worthwhile to emphasize that the involved parameter p, which prescribes the maximal fill-ins in each row of preconditioners, makes Algorithm 6 evidently superior to Algorithm 3 in the number of fill-ins, and helps to reduce total computation time of Algorithm 6. As shown in the numerical experiments, RCM ordering is obviously superior to AMD ordering. Moreover, RCM ordering is significant to our modified incomplete Cholesky factorization. Numerical experiments show that further developments of more proper incomplete factorization algorithms and reordering schemes for electromagnetic scattering problems are deserved to be taken into consideration in the future.
